A simple general treatment of x-ray image formation by Fresnel diffraction is presented; the image can alternatively be considered as an in-line hologram. Particular consideration is given to phase-contrast microscopy and imaging using hard x rays. The theory makes use of the optical transfer function in a similar way to that used in the theory of electron microscope imaging. Resolution and contrast are the criteria used to specify the visibility of an image. Resolution in turn depends primarily on the spatial coherence of the illumination, with chromatic coherence of lesser importance. Thus broadband microfocus sources can give useful phase-contrast images. Both planeand spherical-wave conditions are explicitly considered as limiting cases appropriate to macroscopic imaging and microscopy, respectively, while intermediate cases may also be of practical interest. Some results are presented for x-ray images showing phase contrast. © 1997 American Institute of Physics. ͓S0034-6748͑97͒04907-1͔
I. INTRODUCTION
For 100 years x-ray imaging has depended almost wholly on the phenomenon of absorption by an object to produce contrast. For light optics ͑particularly microscopy͒ on the other hand, phase-contrast has been appreciated and used for at least 60 years. 1 High-resolution transmission electron microscopy ͑TEM͒ has also relied on phase contrast in imaging for at least 30 years, although for technical reasons a different type of phase contrast is used. 2, 3 Over the same time various methods for x-ray phase-contrast imaging have been proposed and demonstrated, particularly over the last few years with the increasing use of synchrotron sources. They have involved either Bonse-Hart monolithic x-ray interferometers, [4] [5] [6] double-crystal diffraction arrangements, [7] [8] [9] [10] Fresnel or Bragg-Fresnel lenses, [11] [12] [13] or Fresnel diffraction from a monochromatic source. 14, 15 These methods all seem to require rather elaborate optics. On the other hand, a simple approach to phase-contrast imaging with hard x-rays is possible, which also uses Fresnel diffraction to provide contrast, but requires only a moderately coherent source such as can be produced by a conventional x-ray tube. 16 Soon after the introduction of holography 17 by Gabor in 1948, the possibility of x-ray holography was explored, 18 and interest has continued, mainly in the context of soft x-ray microscopy. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] As is well known, the hologram contains phase information from the object wave field, so that it may be considered in a sense as a phase-contrast image, i.e., the phase has been ''made visible,'' although a reconstruction step is required to reproduce the phase distribution at the object. From a different viewpoint, the reconstruction may be considered as a form of phase retrieval. [36] [37] [38] [39] Another form of x-ray microscopy, namely pointprojection microscopy ͑or microradiography͒ was developed somewhat earlier. 40, 41 The experimental arrangement is the same as for point-source in-line holography, but applied to absorbing objects, which produce a shadow image. Fresnel diffraction in this case is considered as undesirable image blurring.
In the present article a simple theoretical framework is presented to treat Fresnel diffraction imaging by x-rays ͑in-cluding in-line holography͒ as embodied in the various cases mentioned above, namely:
͑i͒ macro-and microscopic imaging, ͑ii͒ phase and amplitude objects, and ͑iii͒ plane-and spherical-wave geometry.
The emphasis however is on phase contrast. The theory treats Fresnel diffraction effectively in terms of its optical transfer function ͑OTF͒, and is based largely on that commonly used for high-resolution TEM imaging. 2, 3 Resolution and contrast are considered as the two factors controlling image quality ͑or ''visibility''͒. Resolution in turn is largely determined by coherence considerations ͑Sec. III͒ rather than by the diffraction-limited conditions of conventional optics.
In Sec. IV our findings are discussed, and an illustration of phase-contrast x-ray imaging is presented. Section V contains a summary.
II. THEORY
Let a thin object lying in the plane zϭ0 be illuminated with a monochromatic plane wave exp͕Ϫikz͖. The wave function just beyond the object is given by the transmission function q(x) ͓we assume a one dimensional object for convenience but there is no difficulty in extending the following treatment to a two dimensional object, q(x,y), etc͔ On further planes zϾ0, the wave function f (x;z) is given by Fresnel diffraction theory. In particular, if the relevant features of the object are large compared to the wavelength (ϭ2/k) one can apply the usual small angle ͑i.e., paraxial͒ approximations to obtain the Fresnel-Kirchhoff integral
͑1͒
The integral is of convolution type which suggests Fourier transformation ͑FT͒ with respect to x, giving F͑u;z ͒ϭexp͑ Ϫikz͒Q͑u͒exp͑izu 2 ͒. ͑2͒
Here F and Q are the one dimensional FTs of f and q, respectively. The z dependence is explicitly retained. The variable u represents spatial frequency at the object or image plane. Here and subsequently ''image'' is used in the generalized sense of a defocused image. The function exp͕izu 2 ͖ is effectively the optical transfer function for
Fresnel diffraction and may also be thought of as a linear filter acting on the transmitted frequencies. 1 In the present case it has unit modulus, meaning that there is in a formal sense no loss of information involved in Fresnel diffraction, although this holds only within the small-angle approximation and does not extend to indefinitely large spatial frequencies. However, not all the information is realized in the image intensities.
The transmission function, q(x), may be written
displaying the absorption and phase-shift components of the object ͑ is the z projection of half the usual linear attenuation coefficient for the intensity͒. If these are small,
and F͑u ͒Ϸ͓␦͑ u ͒ϩi⌽͑ u ͒Ϫm͑ u ͔͒exp͓i͑ u ͔͒ ϭ␦͑u ͒Ϫ⌽ sin Ϫm cos ϩi͑⌽ cos Ϫm sin ͒,
͑5͒
where (u)ϭzu 2 , and m and ⌽ are the FTs of and , respectively.
Following the treatment given in Ref. 2 , we obtain from Eq. ͑5͒
where F indicates a FT and * a convolution. To first order in , , the intensity can be written as
and so, to this order, F͑u ͒Ϸ␦͑ u ͒Ϫm͑ u ͒cos Ϫ⌽͑u ͒sin . ͑8͒
Thus the real and imaginary parts of the OTF have a simple interpretation in terms of image contrast of the amplitude and phase components of the object transmission function, and are used primarily in treatments of electron microscope imaging, 2, 3 where phase contrast is commonly produced by defocusing. Referring to intensity rather than amplitude, one should more correctly use the term ''contrast transfer function'' ͑CTF͒, but we shall continue to use OTF to refer to either case. In conventional light optics the modulus and phase of the OTF are more usually considered.
sin and cos can be conveniently plotted against the reduced variable uЈϭ(z) 1/2 u as shown in Fig. 1 u. 2 . The geometric features of the contrast are wavelength independent, which means that polychromatic radiation may equally well be used: 16 the factor 2 is then replaced by a spectrally weighted sum.
For large uЈ it may be noted that sin reaches its first maximum at uЈϭͱ1/2 ͓i.e., (2z) 1/2 uϭ1͔, and for u values in this region, sin Ϸ1,
I͑x ͒Ϸ1Ϫ2͑ x ͒, ͑16͒
and in particular for x rays
I͑x ͒ϭ1Ϫ2r e e ͑ x ͒, ͑17͒
i.e., the phase (or projected electron density) itself, rather than its Laplacian, appears in the contrast term in this regime.
As before, appears simply as a multiplier so again the image structural features are wavelength independent to a reasonable approximation. For example, if ϭ0.1 nm, z ϭ0.5 m, the maximum phase contrast will occur for u ϭ10 5 m
Ϫ1
, i.e., for spacings, d, around 10 m. Spatial frequencies much less than this will give only weak contrast. For higher spatial frequencies there are further ''pass bands'', e.g., the next around uЈϭ (3/2) 1/2 showing reverse contrast ͑uϷ1.7ϫ10 5 m
, dϷ6 m for the above parameters͒. In practice, coherence considerations ͑treated later͒ may preclude the use of the higher bands. However, for given uЈ, higher spatial frequencies can be brought into contrast by decreasing z. An example is seen in Cloetens et al. 15 Ultimately detector resolution will impose an upper limit.
The effects of absorption if present will be added to the above ͑in our weak object approximation͒. For small uЈ, cos Ϸ1, and ͑for pure absorption͒
giving the usual shadow image, with maximum contrast at zϭ0 for all spatial frequencies ͑contact radiograph͒. As is clear from Eq. ͑8͒ or Fig. 1 , absorption will in general complement phase contrast, i.e., for a given spatial frequency range one or another type of contrast will typically predominate. Now we consider a point source of illumination instead of a plane wave. Let the object plane be a distance R 1 from the source, with the image plane situated at a further distance R 2 . Equation ͑1͒ now becomes, apart from a constant,
in an obvious notation. It is readily shown 2 that, apart from constants and factors of unit modulus, the wave function f s can be simply expressed in terms of that produced by plane wave illumination, f p :
and in Fourier space
where M ϭ(R 1 ϩR 2 )/R 1 is the magnification factor. For R 2 ӶR 1 this reduces essentially to the plane-wave case ͑with zϭR 2 ͒ but for R 2 ӷR 1 we have
That is, the ''focusing'' is determined by R 1 , the magnification by R 2 /R 1 . This suggests that this configuration may be a suitable basis for an x-ray phase-contrast microscope. In principle one could, by decreasing R 1 , bring high spatial frequencies into contrast ͑i.e., increase phase-contrast resolution͒ while simultaneously maintaining magnification to allow for detector resolution. For example, for ϭ0.1 nm, R 1 ϭR 2 ϭ0.5 m, maximum phase contrast occurs at uϭ1.4 ϫ10 5 m Ϫ1 ͑i.e., dϭ7 m͒, where it should be noted that these values are referred to the object. This is slightly better than the resolution for the corresponding plane-wave case ͑i.e., for zϭ0.5 m͒ but, because of the ϫ2 magnification, the detector resolution need only be ϳ14 m. For 1 m resolution R 1 should be 5 mm with, say, R 2 ϭ50 mm giving ϫ11 magnification allowing a detector of 10 m resolution. For 0.1 m resolution, R 1 becomes 50 m, so that a practical limit may be reached due to geometrical and mechanical constraints, quite apart from other factors to be now considered.
III. COHERENCE
So far a perfectly coherent source ͑plane or spherical wave͒ has been assumed. In practice a plane wave will have angular divergence ␣, representing a bundle of plane waves incident on the object. Now, for off-axis incidence Eq. ͑1͒ is modified in that q(X) is multiplied by exp(ϪikX sin ), where is the angle of incidence. It follows that for small , f (x) is shifted to f (xϪz), and so also is I(x), just as in geometrical optics. So for partially coherent illumination, each image point is convoluted with a point-spread function ͑PSF͒ of width ␣z, whose exact shape depends on the distribution of illumination intensity with angle. Equating this width with the inverse of the spatial frequency optimally transferred at this z, viz (2z) 1/2 , gives
as obtained by Cloetens et al. 15 This gives an estimate ␣/2 for the lowest spatial frequency which can be observed with optimal contrast under these conditions: higher spatial frequencies can always be brought into ͑optimal͒ contrast by decreasing z. The inverse of this, viz 2/␣, is the ''coherence width.'' 1-3 ͑Different authors give different numerical coefficients, according to their coherence criteria͒. This coherence width is roughly the maximum distance between two object points for which interference effects will be observable. It is not necessary for the whole object or field of view to be coherently illuminated.
In terms of the OTF, convolution of Eq. ͑7͒ with the PSF is equivalent to multiplying Eq. ͑8͒ by its FT. This could, for example, be represented in Fig. 1 by an envelope which damps out the higher spatial frequencies, and gives an approximate high frequency limit above which information about the object cannot be obtained with these imaging conditions, the so-called ''information limit.'' But note that this envelope varies relative to the OTF when plotted as a func-
, but the envelope asymptotes as z Ϫ1 ͑since it is the FT of a function of width proportional to z͒ so optimal contrast at higher frequencies can be reached by decreasing z, as previously noted.
For a partially coherent pointlike source ͑spherical wave͒, the ideal point source is spread over a finite area. If, in Eq. ͑16͒, exp(ϪikX 2 /2R 1 ) is replaced by exp͓Ϫik(X Ϫa)
2 /2R 1 ͔, it is readily seen that the image is shifted laterally by R 2 a/R 1 . Thus if s is the source spread function, the image PSF will be R 2 s/R 1 , but when referred to the object this is reduced by M i.e., to R 2 s/(R 1 ϩR 2 ). For R 2 ӶR 1 this again reverts to the plane-wave case, if ␣ is identified with s/R 1 , the angular width of the source at the object. For R 2 ӷR 1 the PSF tends to s; thus for the ''microscope'' configuration, resolution will be limited to the source size. This, with the associated problem of intensity, will undoubtedly be the greatest limitation of such a microscope. Optimal contrast for the corresponding spatial frequency uϭ1/s occurs at
In this case lower spatial frequencies can be brought into ͑optimal͒ contrast by increasing R 1 .
Next we consider the effect of chromatic coherence, the discussion of which will apply to both plane and spherical waves, by invoking Eqs. ͑20͒ or ͑21͒, as required. Suppose the source has a normalized intensity distribution, w(). For a pure phase object one then has, from Eq. ͑7͒ I͑x ͒ϭ1Ϫ ͵ ͓2͑ x; ͒ * ͑ F sin ͒͑ x; ͔͒w͑ ͒d ͑25͒ , the exponential decreases from 0.54 to 0.04, and doubling u decreases it to 5ϫ10 Ϫ5 . Thus some monochromatization would seem to be required for high resolution; for instance in this latter case ⌬ϳ 0 /4 would restore the damping to the 0.5 level. Since cannot in fact be less than zero, some such restriction on ⌬ is physically reasonable even without explicit monochromatization. The last term on the right-hand side, arising from the dependence of ⌽, can be included as a further modification of the OTF. For u not too great, this consists of replacing 0 in by 0 ͓1ϩ1/2(⌬/ 0 ) 2 ͔. The above results are essentially unchanged if absorption is included, although details of the correction terms differ due to the different dependence of . Calculations using a Lorentzian distribution
give an essentially similar result, viz. the main effect on the OTF is multiplication by a damping function, in this case exp(Ϫzu 2 ⌬).
IV. DISCUSSION AND ILLUSTRATIVE RESULTS
Many of the foregoing results may be summarized with the help of the following figures. Figures 2 and 3 show regions of visibility of spatial frequencies for a phase object as a function of log(z/) and log(u), where z equals R 2 for plane waves ͑Fig. 2͒ and R 1 for spherical waves ͑Fig. 3͒. This choice of variables gives one universal diagram for phase contrast, and one for amplitude contrast, on which specific coherence conditions can be added as described below. The particular numerical ranges given in the figures   FIG. 2 . Regions of visibility of a phase-contrast image in the z-u plane for effective plane-wave conditions. zϭR 2 is the object-image distance.
would be appropriate for typical coherence conditions for the hard x-ray region, ϳ0.1 nm. Visibility as the term is used in the present context allows for both contrast, as given by the OTF, and blurring, as determined by lateral coherence. Chromatic coherence is considered of lesser importance for reasons given above. Shaded regions indicate significantly reduced or absent visibility; it is to be understood however that the different regions are not sharply delineated, but merge into one another.
The zeroes of the OTF vary as z
. Due to finite detector sensitivity and noise, there will be a region of low visibility around each zero, and these are indicated by shaded areas for the first one or two zeroes and by heavy lines when they become closely spaced. In addition to these absent bands, u has both upper and lower limits, the latter due to the fact that the OTF starts at zero for uϭ0. The adjacent region of differential phase-contrast represents the region where the OTF varies as u 2 . Note that this lower limit does not represent the largest visible features but rather spatial frequency content. Thus for example fibers and bubbles are visible by edge contrast, 16 but also more complex structures, e.g., fish 16 or bone 15 due to the spatial frequencies of their microstructure. The successive transfer bands are marked ϩ and Ϫ for positive and negative contrast, according to the sign of the OTF.
The upper limit to u, representing the information limit to resolution, 3 is given by the coherence envelope. On the figures this limit is shown by a dashed line. For the plane wave case it varies as 1/␣z. Figure 2 shows the line for ␣ ϭ10 Ϫ3 . The point X corresponds to the condition of Eq. ͑23͒. For the spherical wave case the limit is a constant, 1/s, and is plotted as log(/s) in Fig. 3 . The case shown would represent, say, sϭ1 m for ϭ0.1 nm. The point X here indicates the condition of Eq. ͑24͒.
Two values of log(z/), namely A and B with AϽB, are indicated in Figs. 2 and 3 , and for each value the OTF and coherence envelope are shown as functions of u, in Figs. 4͑a͒ and 4͑b͒ and 5͑a͒ and 5͑b͒, respectively. Note how lower frequencies are passed as z increases; and, in the plane-wave case, higher frequencies as R 2 decreases, since, as previously noted, the range of the coherence envelope increases faster than that of the OTF. In the spherical-wave case the source size sets a constant upper limit on spatial frequencies for all R 1 , so that there will be a range of R 1 , as given approximately by Eq. ͑24͒, such that the first band falls substantially within the coherence envelope; this will be the microscopy regime. For larger R 1 there will again be increased transfer at relatively low frequency, especially in the differential phase-contrast region; but also more OTF zeroes within the envelope ͓Fig. 5͑b͔͒. This regime might be termed phase-contrast microradiography rather than microscopy.
For comparison, the corresponding data for an amplitude object are given in Figs. 6-9. There is here no lower limit on u, as the OTF (cos ) is unity at uϭ0, and optimum transfer for all frequencies occurs at zϭ0. In general one may note that although various quantities associated with lateral coherence, such as the lateral coherence width and mutual coherence function, 1 are wavelength dependent, the effect on the resolution, as determined by the PSF or coherence envelope, depends only on geometrical factors, such as source size, 18 in the same way as for geometrical optics.
Finally there remains the question of retrieving object structure from the observed intensity of out-of-focus images. While largely outside the scope of this article, a few comments may be made here.
The problem can be logically divided into two parts. First, there is the recovery of the object transmission function, q(x), including phase. This is relatively straightforward, and can be done holographically or otherwise ͑for example, via an appropriate form of the transport of intensity equations 39 ͒. Then there is the generally more difficult problem of three dimensional object reconstruction. To obtain q(x,y) for a three dimensional object, the projection approximation ͓Eq. ͑13͒ and its analogue for absorption͔ is useful and generally valid in the present context. A simple validity criterion 2 is that the object thickness should be less than about tance. This means that Fresnel diffraction blurring in the object will not significantly degrade resolution. If projection is valid, tomographic methods can in principle be used for three dimensional reconstruction. Much of the foregoing analysis has been based on the further assumption of the weak object approximation 2,3 ͓Eq. ͑4͔͒ which has the advantages both of separating phase and amplitude contributions, and of linearizing the intensity expressions. The implied condition (x)Ӷ1 ͑and its absorption analogue͒ is, however, quite restrictive as a phase change of 2 is typically produced by a thickness difference of order a few tens of microns even for low Z materials, for x rays around 10 keV. In fact Guigay 43 has shown that, at least for a phase object, the inferred linearity properties such as Eqs. ͑6͒-͑8͒ hold under the condition
which is much less restrictive, even though it is both z and u dependent. In any case, however, Eqs. ͑1͒ or ͑2͒ can always be used to calculate an image. The recovery of q(x) from an image on the other hand will be more difficult if Eq. ͑4͒ ͓or more generally, Eq. ͑31͔͒ is not applicable. In terms of scattering theory, this represents a singlescattering approximation, although it does not exactly correspond to the usual kinematic theory of Fraunhofer diffraction in which the intensity is quadratic in , the difference being due to interference with the direct beam in the Fresnel case. This approximation improves with increasing energy, since decreases as ͓Eq. ͑13͔͒. For equivalent phase-contrast conditions, z must be increased to maintain constant z. The projection approximation also improves, as is evident from its validity criterion relating to object thickness.
Plane-and spherical-wave illumination have been presented in this article as two limiting cases, but they are of course simply the extremes of all possible intermediate cases. In particular, radiography is commonly performed with an ͑approximately͒ point source. So long as R 2 ӶR 1 , the imaging will be of plane-wave type in terms of the foregoing theory. As R 2 is increased to values comparable to R 1 , there will be an intermediate regime characterized by macroscopic, typically differential, phase contrast, modest magnification, and resolution somewhat smaller ͑i.e., better͒ than s, by a factor R 2 /(R 1 ϩR 2 ) ͑apart from the effect of detector resolution͒. Such a regime may turn out to be useful in the design of clinical and industrial radiography systems, and has the further incidental, but possibly important advantage of reducing the contribution of scattered ͑typically Compton͒ radiation to the image, as practiced in the ''airgap'' technique of radiography 44 sometimes used to reduce or eliminate the need for a grid ͑i.e., post-specimen collimation͒ while providing some magnification. It is perhaps also interesting to speculate that at least some of the improvement in contrast in some areas of conventional radiography, such as projection mammography with a very fine focus source, may have been due to phase-contrast effects rather than the simple reduction in scatter reaching the detector, as mentioned above.
Although the requirement of image reconstruction has been given here as a disadvantage of lenseless imaging compared with more direct methods, this does not mean that images cannot usefully be viewed directly. In fact, particularly in the macroscopic, differential phase-contrast imaging regime, readily interpretable object features may be visible and even enhanced. 16 In the context of electron microscopy, for instance, one distinguishes a directly interpretable ''point resolution limit,'' extending in spatial frequency to the first zero of the ͑phase-contrast͒ OTF, from the ''information limit'' determined by the coherence envelope. Thus in the x-ray case, at least in the area of qualitative radiography, the need for an image reconstruction step may prove to be more of an apparent than a real disadvantage. Figure 10 provides an illustration of the foregoing comments. It shows radiographs of a specimen of lamb liver about 20 mm thick, taken with a microfocus source of nominal size 10 m on a copper anode. The sample was not chemically fixed or treated in any way. R 1 was set at 300 mm, and R 2 was ϳ0, 300, and 1100 mm for Figs. 10͑a͒, 10͑b͒ and 10͑c͒ respectively. Tube voltage was 60 kV, current 0.09 mA, and exposure times 2, 20, and 60 min., respectively using Agfa Curix film without an intensifying screen. After photographic enlargement, the final magnification for each panel of Fig. 10 is the same. Note the increase in contrast and resolution with increasing R 2 , characteristic of differential phase contrast ͑the visible features are bile ducts͒. For normal absorption contrast radiography one would expect visibility to decrease with R 2 ͑unless resolution were strongly detector limited͒.
V. SUMMARY
The conditions and limitations for x-ray phase-contrast imaging by Fresnel diffraction have been considered. The methods can alternatively be considered as examples of inline holography. The plane-and spherical-wave cases are treated as two extremes of a unified theory, appropriate for macroscopic imaging ͑radiography͒ and microscopy, respectively. Coherence requirements are considered and it has been shown that image resolution depends mainly on lateral coherence, with longitudinal ͑temporal or chromatic͒ coherence being of lesser importance. Resolution and contrast ͑to-gether with signal/noise considerations which are not here treated in any detail͒ together determine the image visibility and information content. Corresponding results for absorption contrast are presented for comparison. Table I gives a summary of the main conclusions arising from the present work and may be best appreciated in conjunction with Figs. 2-9. For the type of microscopy considered in this article, source size is the basic limitation to resolution. Submicron microfocus tubes are becoming available, but their resolution has not yet approached the 10 nm range currently obtainable from soft x-ray direct imaging systems. 11, 12 There is always the option of reducing magnification and using an ultrahigh resolution recording medium such as photoresist. 33 But the advantages of this type of microscopy are more likely to lie in its relative economy and simplicity compared to other methods which generally use either synchrotron or plasma sources together with elaborate optics. Even if resolution is not much better than for optical microscopy, the ability to study relatively thick, opaque specimens with minimal preparation requirements ͑particularly for biological samples͒ may provide sufficient motivation for its development. Phase-contrast ͑micro͒ tomography is a further possibility. 6, 45 The general questions of image reconstruction and quantitative phase retrieval are left to future works.
